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Abstract.
Calorons and plane waves within and in between them collectively give rise to a thermal ground state. The latter provides
a homgeneous energy density and a negative pressure, and it induces quasiparticle masses to part of the propagating spectrum
of deconfining SU(2) Yang-Mills thermodynamics (dynamical gauge-symmetry breaking). In the present talk we discuss the
role of a single caloron in inducing effective local vertices, characterized by powers of h¯, mediating the interaction of plane
waves which propagate over large distances. The constraints on momentum transfers through effective 4-vertices are revisited.
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INTRODUCTION
Quantum Yang-Mills theory is a beautiful, successful, and useful concept which, in a largely perturbative interpreta-
tion, underlies the present Standard Model of particle physics based on the gauge group U(1)×SU(2)×SU(3). Its so-far
analysed mathematical implications are impressive and include the construction of all (nonpropagating) selfdual solu-
tions to the 4D Euclidean classical Yang-Mills equations of motion [1, 2, 3, 4], the topological characterization of knots
[5] in terms of Wilson-loop expectations in 3D Chern-Simons theory [6] and of differentiable 4D manifolds [7], and
investigations on the geometry and dynamics of minimal Yang-Mills solitons [8, 9, 10, 11, 12, 13]. A description of na-
ture in terms of gauge theory, which quantitatively accounts for the ground-state physics, dynamical gauge-symmetry
breaking, the (residual) interaction of associated quasiparticles, and the transition to phases with effectively reduced
gauge symmetries, requires the combined consideration of plane-wave fluctuations and nonpropagating, selfdual con-
figurations. In a thermodynamic setting, we have generated results in this context [14, 15, 16, 17, 18, 19, 20, 21, 22],
for a summary see [23]. A thermodynamical framework is natural since we observe an abundance and overlap of
(unresolved) topological solitons of SU(2) Yang-Mills theory (magnetic monopoles) in the thermal ground-state [21]
which, in an out-of-thermal-equilibrium situation, leaves little hope for a deterministic description.
In the present talk we elaborate on the correspondence between effective and fundamental field configurations in the
deconfining phase of SU(2) Yang-Mills theory, for a discussion of the implications towards low-temperature photon
physics see Markus Schwarz’ talk [24]. In particular, we will justify the following picture of how the effective theory
[14, 15] describes the presence and interplay of particular selfdual field configurations, calorons of topological charge
unity, and plane-wave fields: On one hand, those calorons, which in isolation possess vanishing energy-momentum,
collectively form an inert and adjoint scalar field φ . This is understood by computing a flat spatial average and a flat
average over the caloron scale parameter ρ of an adjointly transforming two-point correlator of the field strength to
define the kernel D of a second-order differential operator which determines φ ’s equation of motion. The observation
here is that D is dominated by calorons with ρ ∼ |φ |. Trivial-holonomy calorons [25] exhibit the potential to source
and absorb collective plane-wave fluctuations with off-shellness greater than |φ |2 which, in turn, deform these calorons
(trivial holonomy→ small holonomy: short-lived magnetic dipoles [4, 26, 27, 28]). Taking a coarse-grained version of
this effect into account, an accurate estimate of the thermal ground-state emerges: Fundamental, collective plane-wave
fluctuations contribute in terms of an effective pure-gauge configuration which induces pressure Pgs and energy density
ρgs =−Pgs linear in temperature T . On the other hand, computing the gauge coupling e in the effective theory and, by
virtue of ρ ∼ |φ |−1 for contributing calorons, using e to determine its action Sρ∼|φ |−1 , the results is Sρ∼|φ |−1 = 8pi
2
e2
= h¯
almost everywhere in the deconfining phase. This suggests that a local Yang-Mills vertex, which, after an appropriate
rescaling of the propagating, effective gauge field, carries powers of h¯1/2 (3-vertex) or h¯ (4-vertex), is induced by the
distortion of isolated, fundamental plane-wave propagations through a single caloron. Thus the calorons within the
thermal ground-state lend themselves to induce vertices to the sector of propagating, isolated plane waves. Compared
to the contribution of freely propagating, effective plane waves this effect amounts to small radiative corrections
(collective effect of screened magnetic monopoles generated by dissociation of large-holonomy calorons) [18, 19]
in thermodynamical quantities. Since only calorons with ρ ∼ |φ |−1 are contributing to the thermal ground state
momentum transfers through a vertex harder than |φ |2 are essentially suppressed. As a consequence, no ultraviolet
divergences arise in integrating out isolated, fundamental plane-wave fluctuations harder than |φ |2 at resolution |φ |.
We stress that the perturbative renormalization programme is in agreement with this observation and that perturbative
renormalizablity [29, 30], which states the form invariance of the Yang-Mills action under the process of perturbatively
integrating out plane-wave fluctuations that are ultraviolet relative to a given renormalization point µ , is an important
guide in the construction of the effective action in the deconfining phase.
EFFECTIVE YANG-MILLS ACTION AND ACTION OF A CONTRIBUTING CALORON
The spatial coarse-graining over noninteracting trivial-holonomy calorons [25] is performed by determining, in the
singular gauge used to construct this caloron in terms of the prepotential of a charge-one instanton [31, 32], the
second-order linear operator D ≡ ∂ 2τ +
(
2pi
β
)2
which annihilates the field φ [14, 15, 17]: Dφ = 0. To learn about
D in terms of its kernel K , a flat spatial and flat ρ average over a unique, adjointly transforming, scalar two-point
correlator of the Yang-Mills field strength needs to be performed [14]. In this process we observe that (i) only magnetic-
magnetic correlations contribute and that (ii) the ρ integration and thus K is saturated essentially by contributions
around the upper limit ρc = |φ |−1 since the integral scales as ρ3c [14, 33]. Demanding consistency of Dφ = 0 with
φ ’s first-order Bogmoln’yi equation determines the potential V (φ) in the effective action. V (φ) is unique modulo a
multiplicative constant: V (φ) = Λ6φ 2 . In contrast to perturbation theory, the Yang-Mills scale Λ enters here on the level
of nonpropagating field configurations as a constant of integration for the following first-order consistency equation
[17]
∂V (|φ |2)
∂ |φ |2 =−
V (|φ |2)
|φ |2 , (1)
where |φ | denotes the space-time independent and gauge invariant modulus of φ . Invoking perturbative renormaliz-
ability [29, 30] and the fact that the (nonpropagating) field φ is inert, one arrives at the unique effective action density
Leff, for details see [23]:
Leff[aµ ] = tr
(
1
2
Gµν Gµν +(Dµφ)2 + Λ
6
φ2
)
, (2)
where Gµν = ∂µaν − ∂νaµ − ie[aµ ,aν ] ≡ Gaµν ta denotes the field strength for the effective gauge field aµ , Dµφ =
∂µφ − ie[aµ ,φ ], and e is the effective gauge coupling to be determined, see below. Leff in Eq. (2) yields a highly
accurate tree-level ground-state estimate and, as easily deduced in unitary gauge φ = 2|φ | t3, tree-level mass m =
2e|φ |= 2e
√
Λ3
2piT for propagating gauge modes a
1,2
µ thus representing thermal quasiparticles. The emergence of mass
in the propagation of effective plane waves relates to the collective effect of calorons residing in the thermal ground
state, below we are interested in the induction of effective and local vertices by single calorons.
Demanding Legendre transformations between thermodynamical quantities (pressure, energy density etc.), which
are a consequence of the temperature independence of the parameters of the fundamental action (infinite resolution),
on the level of free thermal quasiparticles 1, one obtains the following evolution equation [15]
∂aλ =−24λ
4a
(2pi)6
D(2a)
1+ 24λ 3a2
(2pi)6 D(2a)
, (3)
where λ ≡ 2piTΛ , a≡ m2T = 2pieλ−3/2, and D(y)≡
∫
∞
0 dx x
2√
x2+y2
1
e
√
x2+y2−1
. For a high-temperature boundary condition
a(λi) = ai ≪ 1, the solution to Eq. (3) is approximately given as [23]
a(λ ) = 4
√
2pi2λ−3/2
(
1− λλi
[
1− a
2
i λ 3i
32pi4
])1/2
. (4)
1 In the physical unitary-Coulomb gauge φ = 2|φ |t3 , ∂ia3i = 0 the off-shellness of quantum fluctuations in the field aµ is constrained by the
maximal resolution |φ |. Their contribution turns out to be negligible compared to that of thermal fluctuations [15].
Thus for sufficiently low λi function a(λ ) runs into the attractor a(λ ) = 4
√
2pi2λ−3/2. Using a ≡ m2T = 2pieλ−3/2,
this attractor corresponds to the plateau e≡√8pi . Lowering λ beyond a point, where a≪ 1 holds, the true solution to
Eq. (3) runs into a thin pole at λc of the form e(λ ) =−4.59 log(λ −λc)+18.42 with λc = 13.87 [23]. The logarithmic
pole of e at λc initiates a transition to a phase where thermal quasiparticles decouple (relevant for a higgsfree breaking
of electroweak gauge symmetry [23]), the ground state starts to rearrange into a condensate of magnetic monopoles,
and the formerly massless gauge mode picks up mass by the dual Meissner effect [15]. We conclude that almost
everywhere in the deconfining phase the effective coupling assumes the constant value e≡√8pi .
Let us now present the usual argument for counting the powers in h¯ associated with vertices in the effective theory.
We work in units where kB = c = ε0 = µ0 = 1 but h¯ is re-instated as an action. (So far we have worked in supernatural
units h¯ = c = kB = 1). The (dimensionless) exponential
−
∫ β
0 dτd3xL ′eff[aµ ]
h¯ , (5)
in the weight belonging to fluctuating fields in the partition function can, in unitary gauge, be re-cast as
−
∫ β
0
dτd3x tr
(1
2
(∂µ a˜ν − ∂ν a˜µ − ie
√
h¯[a˜µ , a˜ν ])2− e2h¯[a˜µ , ˜φ ]2
)
, (6)
where a˜µ ≡ aµ/
√
h¯ and ˜φ ≡ φ/√h¯ are assumed indepent of h¯ [34], see also [35]. Notice that because of the terms ∝ h¯0
in (6) the unit of a˜µ is length−1. Thus the coupling e must have the unit of 1/
√
h¯ (and the unit of ˜φ is also length−1). As
a result, we have e ≡
√
8pi√
h¯ almost everywhere in the deconfining phase. Because mainly (just-not-resolved) calorons
with ρ ∼ |φ |−1 contribute to the effective theory, the action Sρ∼|φ |−1 of each such calorons reads
Sρ∼|φ |−1 =
8pi2
e2
= h¯ . (7)
Equation (7) has implications:
First, it states that Planck’s quantum of action h¯, whose introduction in (5) ultimately has its origin in the laws of
Quantum Mechanics and which accounts for quantum corrections (number of loops) in the effective theory, coincides
with the Euclidean action of a just-not-resolved selfdual (classical) field configuration. That is, the reason why h¯ really
is a constant can be traced to the universal constancy of e (almost no dependence on T and on the specific Yang-Mills
scale Λ of a given SU(2) gauge theory) and the fact that there is one unit of conserved topological charge to a caloron.
Moreover, rather than multiplying first and second powers of h¯1/2 onto the powers e and e2 of an a priori unknown
coupling constant e appearing in the three- and four-vertices of a Yang-Mills theory we would infer that these vertices
are induced by just-not-resolved individual calorons.
Second, for the fine-structure constant α of Quantum Electrodynamics (QED) to be dimensionless,
α = N−1
g2
4pi h¯ , (8)
the coupling g in Eq. (8) must have the unit of √h¯. (N−1 denotes a numerical factor that should relate to the mixing
of the massless modes belonging to several SU(2) groups, see [16].) This happens if g is taken to be the electric-
magnetically dual coupling to e:
g =
4pi
e
∝
√
h¯ . (9)
That is, a magnetic monopole liberated by the dissociation of a large-holonomy SU(2) caloron and other incarnations
of this magnetic charge in the preconfining and confining phase2 are interpreted as electric charges in the real world.
Third, by virtue of e≡
√
8pi√
h¯ the factors e
√
h¯ and e2h¯ in (6) do not depend on h¯. Thus, by the above assumption that the
fields a˜µ , ˜φ are independent of h¯, the weight (5) is also independent of h¯, and thus the effective loop expansion is not
an expansion in powers of h¯. This is in contrast to renormalized perturbation theory where the value of the coupling is
assumed to be independent of h¯.
2 For example, the isolated charge situated in the center of the flux eddy associated with the locus of selfintersection of a center-vortex loop in the
confining phase [23, 36].
MOMENTUM TRANSFERS IN AN EFFECTIVE 4-VERTEX
According to the Feynman rules associated with the effective theory (2) the 4-vertex is local and reads
Γµνρδ[4]abcd = −ie2(2pi)4δ (p+ q+ s+ r)[ε f abε f cd(gµρgνσ − gµσ gνρ)+
ε f acε f db(gµσ gρν − gµνgρσ )+ ε f adε f bc(gµνgσρ − gµρgσν)] ,
(10)
where εabc are the structure constants of SU(2). We work in physical unitary-Coulomb gauge and in a real-time re-
formulation of the thermodynamics [23]. A 2→ 2 effective amplitude, where Γµνρδ
[4]abcd links incoming four-momenta
p1 and p2 with outgoing four-momenta p3 and p4 = p1 + p2 − p3, contains all fundamental scattering channels
s = (p1 + p2)2, t = (p3 − p1)2, and u = (p2 − p3)2. This is expressed by the fact that the according effective tree-
diagram subject to the local vertex Γµνρδ
[4]abcd is invariant under permutations of the external legs. For the inducing
caloron to remain unresolved in the effective theory we need to demand that s, t,u ≤ |φ |2. Notice that for (naive) on-
shellness, either p21 = m2, p22 = m2, p23 = m2, p24 = m2 or p21 = m2, p22 = m2, p23 = 0, p24 = 0, the conditions s ≤ |φ |2,
t ≤ |φ |2, and u≤ |φ |2 cannot be satisfied simultaneously3. A channel s or t or u is called trivial if s = 0 or t = 0 or u= 0,
respectively. Let N = 1 · · ·3 be the number of nontrivial channels. Writing Γµνρδ
[4]abcd =
1
N (Γ
µνρδ
[4]abcd
∣∣∣
s
+ · · ·+ Γµνρδ
[4]abcd
∣∣∣
u
),
we associate a nontrivial channel with each summand and assign the according constraint. For example, in the 4-vertex
diagram for the one-loop polarization tensor of the massless mode (p the external and k the loop momentum) the t
channel is trivial and thus N = 2. Also, if s ≤ |φ |2 for a given combination p and k then u > |φ |2 thus excluding the
u-channel. Alternatively, u ≤ |φ |2 for p and −k and then s > |φ |2 thus excluding the s-channel. Since the integrand,
associated with the k-loop, is invariant under k →−k one effectively has
Γµνρδ
[4]abcd =
1
2
(Γµνρδ
[4]abcd
∣∣∣
s
+ Γµνρδ
[4]abcd
∣∣∣
u
) = Γµνρδ
[4]abcd
∣∣∣
s
. (11)
Eq. (11) holds equally well for the computation of two-loop corrections to the pressure that invoke one 4-vertex. (Here
the two cases p,k and −p,−k, where the s-channel constraint is satisfied (violated), are complemented by the two
cases −p,k and p,−k, where the u-channel constraint is violated (satisfied) while the loop-integrands are invariant
under p→−p and k →−k.)
SUMMARY
In this talk we have argued on thermodynamic grounds for a representation of Planck’s quantum of action h¯ in terms
of the Euclidean action of an isolated, just not resolved SU(2) Yang-Mills caloron of topological charge unity. Such
a caloron acts as an inducer of a local 3-vertex or 4-vertex in the effective theory. We have also re-discussed how the
momentum transfer in a 2 → 2 amplitude, conveyed by such a caloron, is to be treated in the effective theory where
the accoding Feynman rule is blind towards changes of the scattering channel.
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